I. INTRODUCTION
The observation of a neutral, CP-even scalar particle at LHC [1, 2] represents a unique opportunity to investigate the scalar sector of the Standard Model (SM) and to shed light on the electroweak symmetry breaking (EWSB) mechanism. At present, there is no evidence for deviations from the SM scalar boson ("Higgs" for short) hypothesis -see Ref. [3] for a recent update. However, other theories with Higgs-like candidates are still equally viable within the present sensitivities: models with more than one Higgs doublet, such as supersymmetry or twoHiggs-doublet constructions; Composite Higgs (CH) theories; models where the Higgs arises as a Goldstone boson. Disentangling the different alternatives, considering the various experimental facilities, is crucial.
This has been deeply pursued adopting the Effective Field Theory approach [4] , which allows to avoid the specificity of the distinct models and, instead, provides model-independent predictions characteristic of more general frameworks. Models where the physical Higgs particle belongs to a doublet representation of the electroweak (EW) symmetry can be described at low-energy by the so-called Standard Model Effective Field Theory (SMEFT) Lagrangian [5, 6] . Otherwise, a more suitable description is the so-called Higgs Effective Field Theory Lagrangian (HEFT) Lagrangian [7] [8] [9] [10] [11] [12] .
The two effective Lagrangians provide a description of gauge, fermion and Higgs couplings, respecting Lorentz and SU (3) c ×SU (2) L ×U (1) Y gauge invariance. The key difference between the two approaches is the relationship between the physical Higgs field h(x) and the SM Goldstone bosons (GBs) − → π (x): in the SMEFT, the four fields belong to the SU (2) L doublet Φ(x), Φ(x) = U(x) 0
with
(2) * patricia.hernandezl@estudiante.uam.es † luca.merlo@uam.es being the GB matrix and v the EW vacuum expectation value (VEV) fixed through the W mass. On the contrary, in the HEFT the physical Higgs and the GB matrix are treated as independent objects [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , which leads to a much larger number of operators in the HEFT with respect to the SMEFT, at the same order in the expansion [21] [22] [23] . Moreover, from the dimensionlessness of the GB matrix it follows a reshuffling of the leading operators in the HEFT with respect to the SMEFT Lagrangian. In Refs. [14] [15] [16] [17] 24] it has been shown that HEFT exhibits the following specific features:
-some correlations typical of the SMEFT, such as those between triple and quartic gauge couplings, are lost in the HEFT;
-Higgs couplings to gauge bosons are correlated to pure gauge couplings in the SMEFT, while they are completely free in the HEFT;
-a few couplings that are expected to be strongly suppressed in the SMEFT, are instead predicted with higher strength in the HEFT and potentially lead to visible observables in the present LHC run.
The HEFT Lagrangian is a very useful tool to describe an extended class of "Higgs" models: by fixing the Lagrangian parameters, it can encode SM and SMEFT, Goldstone Boson Higgs models [25] [26] [27] [28] [29] [30] [31] and dilaton-like constructions [32] [33] [34] [35] [36] [37] [38] . Therefore, HEFT can be considered the most general description of gauge, fermion and Higgs couplings, invariant under SU (3) c × SU (2) L × U (1) Y gauge symmetry.
The comparison between HEFT and SMEFT Lagrangians has undergone an intensive investigation [14] [15] [16] [17] 24] . As well, the matching between CH models and the HEFT also received much attention: in particular, in Refs. [39, 40] , considering a CH model with a symmetric coset, the potentiality of the HEFT Lagrangian has been shown to account for Composite Higgs models as a possible ultraviolet completion.
On the other hand, the link with dilaton constructions has been less studied, even if the dilaton solution to the Hierarchy problem is attractive and largely investigated [32] [33] [34] [35] [36] [37] [38] . Moreover, recent lattice simulations of strongly interacting gauge theories predict the appearance of a scalar particle that could be interpreted as a dilaton, when the conformal behaviour sets in [41] [42] [43] [44] [45] [46] . Dilaton models are based on the fact that the SM Lagrangian is approximately scale invariant, once neglecting explicit scales associated to the EWSB mechanism and the dynamical conformal breaking due to QCD. In models where the scale invariance is broken spontaneously, a GB naturally arises [47, 48] and can then be identified with the physical Higgs field: its mass is then protected by the GB shift symmetry and can only acquire (relatively small) values, close to the symmetry breaking scale.
It is the aim of the present paper to complete the comparison between the distinct Higgs setups: SM, SMEFT, CH models and dilaton theories. For definiteness, the minimal SO(5)/SO(4) CH model will be considered in the following, even if the results hold also for other models, such as for the original SU (5)/SO(5) model by Georgi and Kaplan [25] . As couplings with fermions follow specific assumptions on the underlying framework, the analysis will focus on physical effects in the bosonic sector only. Moreover, the analysis will consider only CPeven couplings, as they suffice to illustrate the general features of the comparison between the distinct setups.
The structure of the paper is as follows. First, the HEFT framework is summarised in Sect. II. Then, the most generic effective Lagrangian for a Higgs-like dilaton is constructed in Sect. III. In Sect. IV, the comparison with SM, SMEFT and the minimal SO(5)/SO(4) CH model is presented, including the discussion on possible discriminating signals. Concluding remarks are provided in Sect. V. App. A contains the indications of the constructions of the HEFT and Dilaton Effective Field Theory (DEFT) Lagrangians. In Apps. B and C, the SMEFT Lagrangian and the Lagrangian for the minimal SO(5)/SO(4) CH model, respectively, are briefly summarised.
II. THE HEFT LAGRANGIAN
The building blocks used to construct the HEFT are the SM fermions and gauge bosons, together with the GB matrix U(x) and the physical Higgs particle h(x). The GB matrix transforms as a bi-doublet under the global
where L and R are the unitary transformations of SU (2) L and SU (2) R , respectively. It is typically encoded into two chiral fields
where W µ (x) ≡ W a µ (x)σ a /2. While both fields transform in the adjoint of SU (2) L , the scalar field T(x) breaks explicitly the SU (2) R symmetry and thus, when present in an operator, allows an easy identification of its SU (2) R non-conserving nature. The Lagrangian is approximatively written invariant under the global SU (2) L × SU (2) R symmetry: as in the SM, it is spontaneously broken down to the SU (2) C custodial symmetry and explicitly broken by the gauging of Hypercharge and the heterogeneity of the fermion masses; some operators containing T are indeed associated to the Hypercharge; others represent instead sources of custodial breaking beyond the SM ones.
The physical Higgs h(x) is an isosinglet of the SM gauge symmetry and is conventionally described through dimensionless generic functions F (h/v) [7, 49] , with v ≈ 246 GeV the EW scale. Distinct functions F (h) identify scalar field manifolds with different curvatures [50] [51] [52] , which represent an observable measurable at LHC.
The F (h/v) functions are commonly written as a polynomial expansion in h/v,
. ., where dots account for higher powers of (h/v). In specific realisations, the scale associated to h can be distinct from v: in Composite Higgs models, for example, this scale is larger than v and is associated to the scale at which the GBs arise after the spontaneous breaking of the initial global symmetry. According to the Naive Dimensional Analysis (NDA) [21] [22] [23] , which determines the suppressions of the distinct effective operators, the scale associated to h, usually denoted by f , satisfies f = v and Λ ≤ 4πf , being Λ the scale that fixes the validity of the theory. However, in the HEFT formalism [17, 23] , factors of v/f , being f this new scale, are accounted for in the free coefficients of the effective Lagrangian, α, β, . . . , leaving v as the only sensitive scale in the F (h/v) functions. In what follows the notation will be simplified, suppressing the explicit dependence on v.
Finally, SM fermions are arranged in doublets of the global SU (2) L or SU (2) R symmetries: in particular, the right-handed fields are collected in the following spinors,
where N R are three right-handed neutrinos, introduced here to complete the SU (2) R doublet 1 . Following Ref. [17] and the discussion in App. A, the HEFT Lagrangian can be written as a sum of two terms,
where the first one reads:
It contains the kinetic terms for all the fields, the theta term of QCD, the mass terms for the EW gauge bosons, the Yukawa interactions and the Higgs scalar potential, whose specific form depends on the model under consideration [54] . Notice that the operator Tr(V µ V µ )F C (h) is multiplied by v 2 , while according to NDA it should be multiplied by f 2 . Similarly, the Yukawa-like interactions are multiplied by v instead of by f . This is the well-known fine-tuning of the HEFT. However, this should not be taken as a reason to consider the HEFT unable to describe the EW and Higgs interactions; instead, this should be interpreted as an indication that the underlying theory which projects into the HEFT at low-energies should account for a mechanism to predict the correct scale for the EW gauge boson and fermion masses. An example is provided by CH models, where the SM gauge boson masses are predicted at the EW scale as a natural feature of these theories. Fermion masses are described at the EW scale once considering the so-called fermion partial compositeness mechanism.
The functions Y Q,L (h) appearing in the Yukawa couplings are written in a compact notation and with the flavour indices left implicit:
The n = 0 terms yield fermion masses, while the higher orders describe the interactions with n insertions of the Higgs field h, accounting in general for non-aligned contributions. The structure of these terms, however, is customarily simplified in phenomenological analyses, assuming Yukawa interactions aligned with fermion masses, i.e. Y (n) [12, 14, 16, 17] . The same assumption will be adopted here and in consequence
Notice that, the heterogeneity of fermion masses encoded into Y Q (h) and Y L (h) breaks explicitly the custodial symmetry.
The function F C (h) appearing in the GB kinetic term is typically expanded as
It is convenient to make explicit the beyond SM part of the coefficients a C , b C , using the notation
where ∆a C , ∆b C are assumed to be of the same order as the coefficients accompanying the operators appearing in the second part of the Lagrangian ∆L h , which accounts for new interactions and for deviations from the leading order (LO) one. F (h) functions could be inserted into the kinetic terms for fermions and the physical Higgs, but their contributions can be reabsorbed inside the generic functions F C (h) and Y Q,L (h), as discussed in Ref. [17] . The kinetic terms of the gauge bosons are also free from any F (h) in this LO Lagrangian, assuming that the transverse components of the gauge bosons do not couple strongly to the EWSB sector [8] .
Following Refs. [14, 17] and the discussion in App. A, all the operators necessary for reabsorbing 1-loop divergences arising from the renormalisation of L (0) h are contained in the second part of the Lagrangian in Eq. (7) . Adopting the notation used in Refs. [39, 40] and the NDA normalisation [21] [22] [23] , ∆L h can be written as the sum of several terms: focussing only on the CP-even bosonic ones, one can write
where the parameters c i are free coefficients smaller than 1, according to the Naive Dimensional Analysis formulation [21] [22] [23] . The term P T is a custodial-breaking twoderivative operator,
that traditionally is inserted at the LO, but whose coefficient is so strongly constrained ( 10 −2 ) from the bounds on the EW precision parameter T that it is customarily listed in ∆L h . The three operators P B , P W and P G ,
contain the field strengths for the SM gauge bosons and, once multiplied by the corresponding F (h), describe the interactions between h and the transverse componentes of the gauge bosons. The four operators P H , P H , P ∆H and P DH ,
describe pure Higgs couplings with two and four derivatives.
The five pure-gauge operators P W W W , P GGG , P DB , P DW and P DG ,
with ε abc and f αβγ the structure constants of SU (2) L and SU (3) c respectively, are typically listed at higher orders in the chiral perturbation theory, but in the HEFT they should be inserted in ∆L h : indeed, they have the same suppressions of P H in Eq. (16) (and of four-fermion operators, if fermion couplings would be considered -see Ref. [17] ). This is consistent with the fact that the HEFT merges together the traditional expansion in canonical dimensions and the expansion in derivatives of the chiral perturbation theory (see Ref. [23] for details).
The rest of the terms are four-derivative operators defined as
where the normalisation follows the NDA of Refs. [23] . The operators of this list containing the scalar chiral field T, not in association with the gauge field strength B µν , represent sources of custodial symmetry breaking beyond those of the SM: they are P 12 − P 19 , and P 21 − P 26 . If one considers the custodial symmetry as a fundamental symmetry of the UV theory that gives rise to the HEFT Lagrangian at low-energy, this set of operators plus P T should be further suppressed. However, without assuming any specific underlying model, this is not justified, as shown for example in Ref. [39, 40] . Here and in the following sections, the discussion will be kept general, without introducing any arbitrary suppression on these operators.
Once specifying an underlying scenario, it is then possible to write the Wilson coefficients c i and the functions F i (h) of the HEFT in terms of the parameters of the high-energy Lagrangian. In Refs. [39, 40] , a generic Composite Higgs model has been considered and the corresponding Lagrangian at high-energy has been projected at low energy on the HEFT. The results can be read in Tables 1 and 2 of Ref. [39] and Table 1 of Ref. [40] . This exercise has pointed out that, in traditional Composite Higgs models, gauge-Higgs couplings are correlated to pure gauge ones, similarly to what happens in the SMEFT, although with a few differences: this follows from the fact that the Higgs field belongs to a representation that contains the SU (2) L -doublet one [55] . The SMEFT is then a good low-energy description of Composite Higgs models at the very first order, but deviations arise at higher orders. As a result, one could disentangle an elementary from a composite Higgs comparing the same gauge interactions but with different Higgs legs.
The dilaton, that will be the subject of the next section, is a singlet under SU (2) L and therefore distinct phenomenological features are expected: indeed, the EW doublet or singlet representation of the Higgs field is encoded into correlations/decorrelations between puregauge and gauge-Higgs couplings.
III. THE HIGGS-LIKE DILATON
The dilaton arises as a GB of the spontaneous breaking of the scale invariance. This mechanism is typical of models where the EWSB and the scale symmetry breaking do not coincide, such as when the EWSB is strongly coupled: the scale symmetry breaking scale f is typically larger than the EW VEV v and the states arising from the scale symmetry breaking do not need to coincide with those responsible for the EWSB mechanism. Explicit realisations are theories of walking technicolor [56] [57] [58] , and of Randall-Sundrum extra-dimension constructions [59] [60] [61] [62] . Beside its GB nature, the dilaton can remain relatively light, although an explicit realisation is not easy to achieve [63] [64] [65] [66] .
Considering a generic Lagrangian written as the sum of
, where µ is the reference scale,
an infinitesimal scale transformation
that leads to the variation of the Lagrangian (21) where
are the beta functions of the couplings g i . The Lagrangian is scale invariant when δL = 0, which corresponds to β i (g) = 0, i.e. the couplings do not depend on the scale considered, and to the canonical dimensions of the operators satisfying to d i = 4 (by using integration by parts,
[67] for a pedagogical introduction on the dilaton.
In the SM, fermion (d = 3) and scalar (d = 2) mass terms explicitly violate the scale symmetry. However, as adopted in the context of the so-called Minimal Flavour Violation [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] , or more in general in flavour models [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] , a strategy to reestablish scale invariance consists in enlarging the spectrum by the addition of a scalar field, χ(x), that transforms under the scale symmetry: insertion of powers of this scalar field in the Lagrangian operators then allows to recover exactly scale invariance. Once it develops a VEV, fermion and scalar masses are correctly described and the scale symmetry is spontaneously broken with the arising of the corresponding GB, the dilaton.
Defining the scale transformation law for the additional scalar field χ(x) -sometimes also called conformal compensator -as
scale symmetry invariance is recovered performing the following replacement for the couplings g i in Eq. (19):
The scale f in the previous equation is identified with the VEV of χ(x), f = χ , and represents the scale of the symmetry breaking. Following the traditional notation for Goldstone bosons, the conformal compensator χ(x) can be parametrised as
making explicit the GB σ, whose scale transformation is non-linear, σ(x)/f → σ(e λ x)/f + λ. To simplify the notation, the explicit dependence of χ(x) and σ(x) on x will be suppressed in what follows.
A. The DEFT Lagrangian
The Dilaton Effective Field Theory (DEFT) Lagrangian is constructed in a very similar way to the HEFT one, by exchanging the Higgs field h with the conformal compensator χ, or the dilaton field σ, and by requiring scale symmetry invariance at the classical level 2 by implementing Eq. (24). Following Sect. II and the description in App. A, the DEFT Lagrangian can be written as the sum of two terms,
where the first term is very similar to (8):
where
This Lagrangian contains the kinetic and mass terms for all the fields of the spectrum and leading interactions among SM gauge bosons and fermions and the dilaton. As for the HEFT, no interaction is present at this order between the transverse components of the EW gauge bosons and the dilaton: here, however, in contrast to the HEFT, it does not follow any assumption, but it is simply due to the fact that the kinetic terms are already scale symmetry invariant and in consequence do not allow any additional insertion of (χ/f ). The same holds for the kinetic terms for fermions and for the dilaton. On the contrary, EW gauge boson mass and Yukawa terms require the presence of χ in order to guarantee the scale symmetry invariance.
Notice that, as for HEFT, a fine-tuning is present in order to correctly describe the scale of the SM gauge boson and fermion masses. This should not, however, be taken as a reason to not consider DEFT as a valid approach to describe EW and Higgs interactions: this is just an indication that the theory beyond this effective field theory should account for a mechanism which predicts the correct scales.
Finally, V (χ) contains non-derivative self-couplings of the conformal compensator χ: V (χ) may contain scale symmetry breaking factors, including the dilaton mass, whose magnitude depends on the underlying theory considered. To avoid entering into details of specific realisation, the explicit form of V (χ) will not be discussed here and it will only be assumed that
in terms of the dilaton field σ through Eq. (25), it follows that the dilaton kinetic term is not canonically normalised:
where in the last equality the Taylor series expansion of the exponential has been explicitly written and dots stand for higher powers in σ/f . Performing the following redefinition on the dilaton field,
canonical normalised kinetic terms are recovered, wherē χ are the fluctuations of χ around its VEV. The resulting leading Lagrangian after this redefinition looks exactly as in Eq. (27) , except for a few terms, where χ insertions are substituted by insertions ofχ + f :
It is interesting to note that Eq. (31b), once assuming f = v, coincides with the SM result, that is Eq. (11) for a C = 1 = b C and the rest of coefficients vanishing. This well-known result (see for example Ref. [33] ) points out that only a partial unitarisation of the SM amplitudes occurs in the DEFT as long as f > v. The full unitarisation should then be accomplished by new degrees of freedom, that are expected to arise at the scale Λ, for example assuming an underlying strong dynamics.
The second term of the DEFT Lagrangian in Eq. (26) contains couplings of the dilaton that go beyond the SMlike ones of Eqs. (27) and (31) , and therefore could provide discriminating signals for shedding light on the Higgs nature. ∆L χ contains all the contributions that are generated from the 1-loop renormalisation. Restricting only on the CP-even bosonic couplings, ∆L χ can be written as the sum of distinct operators:
where the parameters d i are free coefficients smaller than 1 -in particular products of two or more operator coefficients d i will be neglected in the phenomenological analysis of the next sections. Moreover, the operators P i are similar to the list of operators P i in Eqs. (13)- (18) for the HEFT, but with the proper modifications for the dilaton case discussed in this section. On the other side, the functions F i (χ), differently from the functions F (h) of the HEFT, are not arbitrary functions of the dilaton field, but depend on the specific operator considered.
In the first line of Eq. (32),
where the operator in the first (second) line is written before (after) moving to the basis of canonical kinetic term for the dilaton, Eq. (30) . Moreover, the terms in the brackets correspond to the function F T (χ). Theχ-independent term provides a tree-level contribution to the EW precision parameter T , exactly as for the operator P T in Eq. (14), and therefore the coefficient d T is constrained to be at most at the percent level, such as c T .
This could indicate that the conformal sector is custodial preserving: if this is the case, all the custodial breaking operators are expected to be suppressed.
The four operators P B , P W , P G and P 1 describe the interaction of the dilaton with the transverse components of the gauge bosons:
where the last factorχ/f in each operator represents the functions F i (χ). From the point of view of the scale invariance, insertion ofχ/f would not be necessary and therefore could be ignored in the most conservative approach. However, 1-loop contributions to these couplings may arise: for example, if the conformal sector is charged under the SM gauge group, the scale symmetry is anomalous and the SM running does induce these couplings at 1-loop level. Although no specific assumption on the underlying dynamics is taken here, the choice in Eq. (34) is of considering generic couplings that may encode these loop contributions. Explicit computations of the dilaton interactions to massless gauge bosons have been computed for example in Ref. [33] . The same reasoning can be easily extended to couplings to massive gauge bosons, W Wχ and ZZχ, and to the Zγχ. The three operators P χ , P ∆χ and P Dχ have a similar structure to the one of the HEFT operators P H , P ∆H and P DH defined in Eq. (16):
where Λ = 4πf has been used and the last factors inside the brackets represent the functions F i (χ). A first difference between Eqs. (16) and (35) is the absence of an equivalent operator to P H : being ∂ µ χ∂ µ χ already of d = 4, no additional χ n insertion is necessary for scale invariance; moreover, differently from what discussed for the operators in Eq. (34) , no physical 3 1-loop correction affects this operator. This, however, does not lead to any physical difference between the HEFT and the DEFT, as the combination P H F H (h) can be safely reabsorbed through an h redefinition [99] .
A second important difference appears in the functions F i (h) and F i (χ): the first ones are completely generic polynomials of h/v in the HEFT; for the dilaton case, only specific numerical coefficients multiply the distinct factorsχ/f . When the experimental sensitivity on the involved observables will be high enough, the identification of these numerical coefficients could tell a Higgs-like dilaton from other possibilities, as indeed they are different in the SMEFT case, where F i (h) can only be powers of (1 + h/v) 2 , or in CH models where F i (h) are trigonometric functions of h/f : this will be further discussed in the next sections.
The normalisation of the operators in Eq. (35) has been fixed so as to match the one of the operators in Eq. (16): although this is not necessary from the EFT point of view, with this choice one recovers the Naive Dimensional Analysis normalisation, which tells that the theory enters into a strong interacting regime when d i = 1. Indeed, a theory enters into a strong interacting regime when loop corrections to the Wilson coefficient of a generic operator turn out to be (at least) as important as the initial value of the Wilson coefficient itself. The Naive Dimensional Analysis normalisation used in Eq. (13) for HEFT identifies this phase transition with the condition of having operator coefficient equal or larger than 1. A shortcut to ensure this condition for the dilaton case is to profit of the similarities between the DEFT and the HEFT Lagrangians, when identifying the scale Λ as the same scale in both frameworks. The numerical factors in the operators in Eq. (35) -and in the equations which follow -has been fixed in this way.
The five operators P W W W , P GGG , P DB , P DW and P DG in the last lines of Eq. (32) are defined as
where the last factors inside the brackets represent the functions F i (χ).
The remaining terms entering the Lagrangian ∆L χ are four-derivative operators and are defined in the following Eq. (37).
Part of the operators required the insertion of the conformal regulator in order to recover scale invariance: these terms have been written both in terms of χ, to make explicit the scale invariance although the dilaton kinetic terms are not canonical yet, and in terms ofχ, that is in the canonical kinetic term basis. The rest of operators are naturally of canonical dimension d = 4 and thus scale invariant by themselves. An explicit χ dependence has not been added to these operators, differently from what done for those in Eq. (34) . The reason resides in the fact that the operators in Eq. (37) are generated already at the first subleading order: as any χ insertion would be the consequence of an additional loop effect, this would be equivalent to a global two-loop contribution that should not be considered at this level of the expansion.
As for the HEFT operators listed in Eq. (18), those containing the scalar chiral field T, not in association to the gauge field strength B µν , represent sources of custodial symmetry breaking beyond those of the SM: specifically, they are P 12 − P 19 and P 21 − P 26 . If the conformal dynamics behind the DEFT Lagrangian is custodial preserving, then all these operators, together with P T , are expected to be further suppressed.
Finally, the list of operators entering ∆L χ reads as follows:
proportional to the corresponding operator coefficient, of all the other χ couplings in the Lagrangian. As the product of two or more operator coefficients are neglected, this redefinition would not have any impact. See App. B in Ref. [17] for further details.
where the functions F i (χ) correspond to the the last factors inside the brackets, when present, otherwise are equal to 1. Eq. (37) completes the DEFT operator basis describing CP-even bosonic couplings of the SM EW sector and the Higgs-like dilaton. Any other non-fermionic CP-even operator that can be constructed can be written in terms 4 Adding an explicit F i (χ) function to those operators that do not have it would be equivalent to a two-loop effect, which should not be considered at the expansion order of the DEFT Lagrangian presented here.
of the operators of this basis, by using partial integration, Bianchi identity and SU (2) L -algebra.
IV. DISENTANGLING A HIGGS-LIKE DILATON
A Higgs-like dilaton is typically considered to have the same couplings as the SM Higgs, except for the nonderivative self-couplings entering the scalar potential. The previous section illustrates that this is the case for a restricted group of operators, while there are several other couplings which differ from the SM context. This section is dedicated to discussing these differences considering the SMEFT Lagrangian, whose specific limit is the SM, and the minimal SO(5)/SO(4) CH model [28] , making use of the HEFT Lagrangian defined in Sect. II as a common background. The explicit operators basis for the SMEFT Lagrangian can be found in App. B, while the one for the minimal SO(5)/SO(4) CH model is in App. C.
The first coupling that can be considered for this comparison is the one responsible for the W ± and Z masses. In the SMEFT up to d = 6 expansion order, there are four relevant operators:
where the explicit definition of the operators O Φ,i can be found in Eq. (B3). As described in App. B, O Φ,1 and O Φ,2 contribute to the EW gauge boson masses only indirectly, through the transformation to move to the basis of canonical Higgs kinetic terms. In the latter basis, projecting into the HEFT basis, F C (h) is given by
where the dots stand for terms proportional to h 3 and h 4 . When the coefficients c Φ,i = 0, then the SM case is recovered.
For the minimal SO(5)/SO(4) CH model and considering up to the NLO expansion order, only one contribution is present:
where V is the generalised vector chiral field in the SO(5) representation, sibling of the vector chiral field V of the EW chiral Lagrangian, and ϕ = h + ϕ , with sin 2 ( ϕ /2f ) = v 2 /4f 2 . The F C (h) function for this case can easily be read from the previous expression:
These results should be compared with the equivalent contributions in the dilaton context, Eqs. (27) and (31b): using a similar notation as for the HEFT, one can write
All the three descriptions expect deviations from the SM predictions for the Higgs couplings to longitudinal components of the massive gauge bosons, and they differ from each other. The DEFT is the only one presenting up to quadratic powers of h and with the same numerical factors as in the SM, even if it has a v/f suppressing factor. EW precision tests as well as Tevatron and LHC data on production cross sections favours values for v/f 1, indicating that the scale of the scale symmetry breaking is close to the EWSB one. A recent analysis on this aspect can be found in Ref. [38] . Notice that this bound on the scale f is characteristic of the dilaton context; in the CH framework, f is instead distinct from v and present collider bounds suggest that f 4v.
A second group of relevant couplings that deserves a dedicated discussion is represented by the Yukawa interactions. In general, deviations from the SM predictions are expected in all the frameworks. Here, however, the focus is on the bosonic Lagrangians only and no genuine fermionic operator is considered. In consequence, the only modification to the SM Yukawa interactions that can arise is due to the transformation to move to the basis of canonical kinetic terms, which in particular occurs in both the SMEFT and the DEFT Lagrangians. Then, the functions multiplying the fermionic bilinear
For the minimal CH model, the F CH U,D,ℓ (h) expression follows the result of the original formulation in Ref. [28] . As for the couplings with the longitudinal components of the EW gauge bosons, only the DEFT setup presents the same powers of h and numerical factors as in the SM, except for the v/f factor. Once considering that v f as indicated from the dilaton couplings to the longitudinal components of the EW gauge bosons, the dilaton couplings to fermions tend to align to the SM predictions. It is worth mentioning that these couplings are typically modified by the anomalous dimensions of the SM fermions and of the fields responsible of the EWSB, thus allowing for small deviations from the SM predictions (eventually, flavour changing neutral current contributions may arise). This depends on the specific fermion context considered in the underlying theory, examples of which can be found in Refs. [34, 38] .
The rest of the couplings and the comparison among the different contributions from SMEFT, the minimal SO(5)/SO(4) CH model and DEFT are summarised in Tab. I, restricting to the only custodial preserving contributions. It is worthwhile to make a comment about
TABLE I.
Explicit expressions for the products ciFi(h) and diFi(χ) of the low-energy custodial preserving operators. The "−" entries indicate the absence of contributions at the order considered to the corresponding low-energy operator. The "*" symbol indicates that couplings to gluons in CH models are expected due to fermionic loops (see App. C).
the couplings to the transverse components of the gauge bosons: as mentioned below Eq. (34), these interactions are not strictly required from scale symmetry invariance; however, they are considered here to encode possible 1-loop level contributions that may arise, for example if the conformal sector is charged under the SM gauge symmetry. Consequently, the coefficients d B , d W and d G are expected to be smaller than 1. Considering that v f as indicated from collider data on the dilaton couplings to the longitudinal components of the SM gauge bosons, the suppression of these coefficients is a welcome byproduct of the DEFT construction, in order to reconcile this effective description with LHC data.
The custodial breaking couplings will be reported in Tab. II only for the DEFT basis. Indeed, the minimal SO(5)/SO(4) CH model does not allow these couplings to appear, and for the SMEFT basis only the operator O Φ,1 is custodial breaking: projecting it into the HEFT basis, one finds that the function F T (h) receives the following contribution,
This can be compared with the corresponding contribution in the DEFT basis:
In the specific case in which the conformal sector does preserve custodial symmetry, then all the custodial breaking operators are expected to be further suppressed and its dedicated analysis turns out to be less interesting. Finally, self-couplings of the dilaton are expected in general to be different from the SMEFT and HEFT cases. However, without entering into details of specific realisations, both for the dilaton and the composite Higgs, any dedicated analysis would not be conclusive. For a discussion in this respect see, for example, Ref. [34] .
A. Phenomenology Avenues
As previously discussed in Eqs. (42), (43) and (45) for the lowest order Lagrangian, the Higgs-like dilaton has couplings very similar to the ones of the SM Higgs, at least for the shape of these couplings: the bounds on the v/f factor present in these couplings from data on Higgs interactions with longitudinal components of gauge bosons and with fermions indicate that the scale of the scale symmetry breaking f must be close to the EWSB one v. Besides this, the numerical value of the correlation between 0, 1, and 2 dilaton insertions in a specific coupling is the same as in the SM. This represents a net prediction of the DEFT Lagrangian with respect to the HEFT and SMEFT cases: the ratio of the branching ratios of the dilaton that decay into two gauge bosons and into two fermions is expected to be 1. Moreover, it opens the possibility to tell the dilaton from other possibilities by investigating the growth with the energy of amplitudes involving two longitudinal components of the SM gauge boson. Indeed, in the dilaton case as in the SM, the amplitudes for V V → V V and V V →χχ among others, with V a massive gauge boson, do not grow as E 2 , where E represents the energy of the subprocess. The opposite occurs for the equivalent processes in the SMEFT and HEFT cases. See Refs. [34, 100] for a dedicated analysis in this respect.
Going beyond the lowest order Lagrangian, Tabs. I and II allow to discuss signals that could be able to disentangle a Higgs-like dilaton from other possibilities. The features that jump to the eyes are: i) the specific linear combinations of h and ϕ in the F (h) functions and ofχ in the F i (χ) functions;
ii) the presence of a few pure-gauge couplings that do not come along withχ insertions, while these same couplings appear with h insertions in the SMEFT and in the CH setup: P 2 , P 3 , P 6 , P 9 , P 11−16 , P 23 , P 24 and P 26 ;
iii) the presence ofχ insertions couplings, that are instead predicted to be only pure-gauge in the SMEFT and in the CH framework: P W W W , P GGG , P DB , P DW and P DG ; iv) the independence of the couplings described in each line of the tables due to the d i coefficients, while SMEFT and the CH Lagrangian predict correlations between couplings of different lines: for example, F 2 (h) and F 4 (h), or F 3 (h) and F 5 (h), etc.. v) all the custodial breaking terms in Tab. II are not expected either in the d = 6 SMEFT Lagrangian, nor in the minimal SO(5)/SO(4) CH model.
Concerning point i), the specific correlations between the 0, 1, 2, . . ., dilaton insertion in a given coupling are distinct from those in the SMEFT and in CH models: this could indeed discriminate between the different frameworks, once the sensitivity on Higgs couplings will increase. Several studies on phenomenological signals of a Higgs-like dilaton at colliders have been presented. Of particular interest is the processχχ →χχ for the DEFT case to be compared with its sibling hh → hh in the SMEFT and HEFT cases: in the DEFT and HEFT cases the amplitude grows with energy as E 4 (due to the operators P Dχ and P DH , respectively), while only as E 2 in the SMEFT (due to the operator O Φ,2 ). See, for example, Refs. [33, 38] for dedicated analyses on these observables.
The absence of dilaton couplings reported in point ii) is connected to another type of potentially interesting phenomenological signals. For example, the operator P 2 describes only γ − W − W and Z − W − W pure-gauge couplings with specific Lorentz contractions, and in particular no dilaton insertion is expected in the DEFT Lagrangian; in the SMEFT and CH setups, these pure-gauge couplings arise due to the P 2 operator and are predicted to be correlated to the Higgs couplings γ − W − W − h and Z − W − W − h, respectively. In a one-operator-at-a-time analysis, the absence of the dilaton insertion is a smoking gun for this scenario; on the other side, in a multi-operatorial analysis, the discriminating power of this feature is much reduced and the impact of this operator should be analysed together with the effects of the other Lagrangian operators.
The case described in point iii) is the opposite with respect to what was just discussed about point ii): couplings with dilaton insertions, whose corresponding couplings with h are not expected in the SMEFT and CH setup, at the expanding order considered. The discussion and conclusions of the previous paragraph also apply to this case, after the necessary rephrasing.
Point iv) states that several couplings that are expected to be correlated (at a given uncertainty) in the SMEFT and CH framework, are instead decorrelated in the DEFT case. This is the case, for example, for P 2 and P 4 , or P 3 and P 5 . The kind of decorrelation of the DEFT is the same as that of the generic HEFT Lagrangian discussed in Refs. [14, 17] : see in particular Fig. 3 of Ref. [17] , which also applies to the DEFT Lagrangian, after redefining the Σ and ∆ functions:
where t θ is the tangent of the Weinberg angle. The two ∆'s parameters are zero in the d = 6 SMEFT Lagrangian in consequence of gauge invariance and the doublet nature of the Higgs. ∆ B = 0 = ∆ W also in the minimal SO(5)/SO(4) CH model once v 4 /f 4 terms are neglected, due to the almost exactly doublet embedding of the Higgs. Then, deviations from zero larger than v 4 /f 4 cannot be explained with d = 8 SMEFT contributions or with contributions from the SO(5)/SO(4) CH Lagrangian, while they could be compatible with the DEFT description. The orthogonal combinations, Σ B and Σ W will instead represent deviations from the exact SM case and cannot distinguish among d = 6 SMEFT, SO(5)/SO(4) CH or DEFT contributions. Further details can be found in Ref. [17] .
Finally, the custodial breaking contributions in point v) are only present in the DEFT Lagrangian, while they are not expected either in the d = 6 SMEFT Lagrangian, ot in the minimal SO(5)/SO(4) CH model. They represent interesting possibilities to tell the dilaton from the other frameworks: this is the case of the pure-gauge operator P 14 , equal to P 14 , discussed in Ref. [14] ; this operator contributes to the anomalous triple gauge vertex
that originates W W and W Z pair production. The second observable has been studied in Ref. [14] by analysing the reaction
The predicted values of the cross sections for this process considering 7 TeV, 8 TeV, and 14 TeV center of mass energy have been computed and the expected number of events over the background has been illustrated in Fig. 3 of Ref. [14] . The results are that the precision on g 5 Z at the LHC 7 and 8 TeV runs is already higher than the present direct bounds stemming from LEP, and therefore LHC already has the potential to discriminate a Higgs-like dilaton from an (almost) exactly EW doublet Higgs.
V. CONCLUSIONS
The CP-even complete bosonic effective Lagrangian for a Higgs-like dilaton has been constructed considering an expansion up to the first subleading order. This basis has been compared with the d = 6 SMEFT Lagrangian and with the effective Lagrangian for the minimal SO(5)/SO(4) CH model.
Five distinct features that could distinguish among the different Higgs descriptions have been discussed: they are related to the presence (or absence) of specific correlations among dilaton insertions, which are distinct from the correlations among h insertions in the SMEFT and CH setups; moreover, they are due to the larger number of independent operators in the DEFT basis. Finally, they follow the fact that custodial breaking contributions are only predicted in the DEFT Lagrangian, at the considered expansion order.
Previous studies on the generic HEFT Lagrangian also hold for the DEFT Lagrangian:
correlations/decorrelations between pure-gauge couplings and dilaton-gauge bosons interactions, and anomalous triple gauge boson couplings only predicted to be relevant in the DEFT case. They represent promising signals to disentangle a Higgs-like dilaton from an (almost) exact EW doublet Higgs at colliders. This section describes the rules that have been adopted for the construction of the HEFT and DEFT Lagrangians.
Focussing first on the HEFT, the division in Eq. (7) and the specific choice of the operators entering L (0) h and ∆L h follow a specific set of rules that have been described at length in Ref. [17] . Different counting rules would have eventually led to a different ordering of some operators, and therefore a deep understanding of the HEFT is mandatory. The part that follows is a resume of the discussion presented in Ref. [17] .
The HEFT can be seen as a fusion of the traditional linear description -based on canonical mass dimensions -for the transverse components of the gauge bosons and for fermions, and of the chiral perturbation approachbased on counting derivatives -associated to the SM GBs and the physical h. Indeed, the latter enters the Lagrangian via the adimensional functions F (h), that play the same role as the adimensional GB matrix field U(x): in concrete CH models, the F (h) are trigonometric functions. U(x) and F (h) produce operators with different canonical mass dimensions and contribute to physical observables, such as cross sections, at different orders in energy/Λ [23] : U(x) and F (h) cannot be treated as having a homogeneous mass dimension for power counting purposes.
As the HEFT is a merging between linear and chiral descriptions, the counting rules which would apply singularly to each of the expansions hold simultaneously for the HEFT [23] . The consequences can be seen even at the level of L does not follow an expansion in canonical dimensions, as an infinite series of h/f is encoded into the functions F i (h).
The renormalisability conditions that enter in the determination of ∆L h are also different. In the linear expansion, the divergences generated by an n-loop diagram containing one single d = 6 vertex can be reabsorbed by other d = 6 operators and, in particular, do not require the introduction of any higher-dimensional operator. In the chiral case, instead, 1-loop diagrams with n insertions of a two-derivative coupling, typically listed in the LO Lagrangian, produce divergences that force the introduction of operators with four-derivatives, which generically constitute the NLO Lagrangian.
Last but not least, the HEFT presents several scales in the expansion. Besides the cut-off of the theory Λ, one can identify the presence of the SM GB scale f π and of the h-scale f , which are typically distinct from each other and correspond to different physical quantities. Moreover, the HEFT is affected by the well-known fine-tuning associated to the EW scale v: for example, the parameters a C and b C in Eq. (11) are expected to be arbitrary numbers of order 1, while phenomenologically they are expected to be close to 1; similarly for the Yukawa couplings, the HEFT allows fermion-Higgs couplings to be independent from fermion masses, while data suggest and an alignment among these classes of couplings.
In conclusion, the HEFT expansion depends on more than one single parameter, and depends on the typical energy scale associated to the observables considered in the phenomenological analysis [17, 23] . Moreover, the HEFT building blocks have completely different properties and therefore cannot be treated homogeneously in full generality. For this reason, the division between L (0) h and ∆L h and the choice of the NLO Lagrangian operators have not been based on a single-parameter counting rule, whose applicability is not valid in full generality and that would necessarily lead to ad hoc assumptions. Instead, the selection performed in Ref. [17] , is based on NDA [21] [22] [23] : this power counting rule accounts for both the mass dimensions of the single building blocks, and the type and number of fields entering in an operator. It reduces to the following NDA master formula, first proposed in Ref. [21] and later modified in Refs. [22] and [23] : following the notation of Ref. [23] ,
(A1) where φ represents either the SM GBs or h, ψ a generic fermion, A a generic gauge field, and g the gauge couplings. N i counts the number of fields of each type entering a given operator. L (0) h contains all the operators that result unsuppressed according to the NDA master formula. These are the kinetic terms for gauge bosons, SM GBs, h, and fermions, plus the Yukawa interactions, the h scalar potential and the QCD theta term (the latter has been written suppressed by g 2 s /(4π) 2 following the traditional notation, but no such suppression is required following Eq. (A1)). Although any of such operators could appear multiplied by a function F (h), this is not the case for the kinetic terms of fermions and of the physical Higgs, as their F (h) can be reabsorbed inside the generic func-tions F C (h) and Y Q,L (h). The kinetic terms of the gauge bosons are not written with an associated F (h) assuming that the transverse components of the gauge bosons do not couple strongly to the EWSB sector [8] : this is a phenomenological assumption that does not follow from the NDA counting rule, but reflects the explicit choice of considering the HEFT Lagrangian as the low-energy description of theories where the gauge bosons have a distinct origin in the EWSB sector. L (0) h does not contain the operator P T , in Eq. (14), although it comes unsuppressed and therefore should have been treated in the same way as Tr(V µ V µ ). This is simply a stylistic choice that has been adopted in Ref. [17] :
h , its coefficient would have been suppressed at the level of the percentfrom the constraints on the EW precision parameter T ; its effects then would have been completely negligible in the rest of the Lagrangian as any contribution in the equations of motion and in loop-induced observables would have come weighted by powers of its coefficient. Instead, inserting P T in ∆L h simplifies the definition of the equations of motion and the computations of loop-contributions, without changing any aspect of the phenomenological analysis. On the other hand, P T needs to belong to ∆L h : it has been shown long time ago in Refs. [101, 102] considering the EW chiral Lagrangian, which is the effective Lagrangian constructed with the SM spectrum with the exception of the physical h, that P T arises as a counter term necessary to absorb the 1-loop divergences originated by the renormalisation of a lowest order Lagrangian defined as in Eq. (8) switching off fermions and h. L (0) h does not contain the other two operators that come unsuppressed, P 1 and P 12 . Inserting these operators into L (0) h would have modified the kinetic terms of the gauge bosons, requiring a field redefinition in order to obtain canonical kinetic terms. After this redefinition, P 1 and P 12 disappear from L [20, 50, [103] [104] [105] [106] , while for the custodial breaking ones it is necessary to generalise from the results in Refs. [101, 102] ). The first ones are: P T , P 1 , and P 12 , discussed previously in this appendix; P B , P W , and P G , that describe couplings between the physical h and the transverse components of the SM gauge bosons, which could be originated at 1-loop even if the assumption of the absence of any tree level coupling of this kind; P h that represents a modification of the h kinetic term and that can be reabsorbed by an h redefinition. As already mentioned, these operators are not suppressed by any scale according to the NDA, but have been left out from L (0) h , as motivated above. The other operators in ∆L h are suppressed either by 4π or (4π) 2 , or by Λ 2 . To see explicitly that this rule is respected without any exception, it is however necessary to reconstruct the F (h) function in all the couplings, by substituting Λ = 4πf and collecting powers of h/f ; this is consistent with the fact that U(x) is kept in the compact notation instead of having been written explicitly in terms of the GB fields. As an example, a few operators have been reported by rewriting the explicit h dependence in terms of the adimensional fraction h/f and extracting the overall suppression:
and similarly for the other operators in Eq. (18) . Structures with stronger suppressions than 1/(4π 2 ) or Λ 2 according to the NDA would be listed in a higher order part of the full Lagrangian.
The suppression of the operators in ∆L h reflects from one side the renormalisation of the chiral sector, according to the chiral perturbation theory, and from the other the possible presence of new physics contributions, which may be due to the tree level exchange of new particles. Once more, this makes it evident that HEFT is a marriage between two approaches, the linear and the chiral ones, and that a simplistic approach to encode the expansion within a single parameter counting is not natural, while the relevant issue is the definition of a reasonable starting Lagrangian and the identification of the structures necessary to absorb the divergences that originated at 1-loop.
An interesting aspect, that is manifest when fermions are also considered (see Ref. [17] ), is that not all the operators with the same suppression are necessary for removing 1-loop divergences: an example of this is a set of four-fermions couplings or the dipole operators. For this reason, it is customary to insert into the higher order parts of the Lagrangian all the operators necessary to reabsorb the divergences that originate in the renormalisation of the lowest parts of the Lagrangian, together with operators with similar suppressions.
The DEFT Lagrangian is constructed following exactly the same reasoning as that of the HEFT construction described in detail in this appendix. The division in Eq. (26) and the selection of operators entering ∆L χ automatically follow by adopting the NDA counting and following the same rules as for the HEFT, except for the fact that χ must guarantee the scale invariance.
In the previous expressions,
µ Φ is the covariant derivative applied to the Higgs doublet.
Among these operators, only O Φ,1 is custodial breaking, while the rest are custodial preserving. All the operators are written according to the Naive Dimensional Analysis normalisation [23] .
The (B5) A priori, all the Higgs couplings in the full Lagrangian would be affected by this transformation; however, neglecting all the terms proportional to products of two or more c i , only the Higgs interactions present in the SM Lagrangian will be modified, i.e. the couplings with two longitudinal components of the EW gauge bosons and the Yukawa terms. The Lagrangian for the SO(5)/SO(4) minimal CH model has been known already for some time [28, 30, 31, 39, 40] , and the notation used in Refs. [39, 40] will be adopted in what follows. Mimicking the AppelquistLonghitano-Feruglio convention, one can define a field matrix Ω(x) containing all the GBs that originate from the SO(5)/SO(4) spontaneous breaking and transforming under the global groups SO(5) and SO (4) as
where g is an element of SO (5) and h is an element of SO(4). It is then possible to define a "squared" nonlinear field matrix Σ(x) transforming only under SO(5):
where g R is the grading of g (see Refs. [39, 40] for further details). It is now possible to define the quantity V, which is equivalent to the vector chiral field V of the EW chiral Lagrangian:
where D µ is the covariant derivative acting on Σ. Next, one can consider the gauging of the SM group, SU (2) L ×U (1) Y ⊂ SO(5) and SU (2) L ×U (1) Y ⊂ SO(4), and the embedding of the SM gauge vector boson into the SO(5) representations,
where Q a L and Q Y denote the embedding in SO(5) of the SU (2) L × U (1) Y generators.
Finally, the CP-even EW high-energy chiral Lagrangian describing bosonic interactions, L CH , can be written as
where 
The operators appearing in the previous expression are defined by
with the EW covariant derivative applied to V as
The coefficientsc i are expected to be all of the same order of magnitude, according to the effective field theory approach, except for the coefficients of the operators in L
CH which are taken equal to 1, leading to canonical kinetic terms. The expansion is stopped at the first order in inverse powers of the scale associated to the SO(5)/SO(4) breaking, and therefore no 6-derivative operators have been considered in ∆L CH .
Couplings to gluons are expected to appear due to fermionic loops: however, we are not aware of any explicit computation of such contributions present in the literature and it is beyond the scope of the present paper to perform such a computation.
